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Abstract. This paper studies the Euler characteristic of a bicategory based on the concept
of magnitudes introduced by Leinster. We focus on its invariance with respect to biequiv-
alence and on the product formula for Buckley’s fibered bicategories.
1. Introduction
The Euler characteristic of a space is well known as a classical topological invariant. It
has two important homotopical properties: an invariance with respect to homotopy equiv-
alence, and the product formula for fibrations as follows.
Fact 1.1. Let χ(X) denote the Euler characteristic of a suitable space X.
(1) If X is homotopy equivalent to Y, then χ(X) = χ(Y).
(2) For a suitable fibration E → B with fiber F over base B that is path connected,
then χ(E) = χ(B)χ(F).
Nowadays, Euler characteristic is defined not only for such geometric objects, but also
for combinatorial objects: posets [Rot64], groupoids [BD01], and categories [Lei08]. Le-
inster showed the properties of the Euler characteristic for a finite category based on Fact
1.1 and clarified the relation with the topological Euler characteristic taking classifying
spaces [Lei08].
Furthermore, he developed the theory of Euler characteristics for enriched categories
(called magnitudes in his paper [Lei13]), and the authors examined its homotopical be-
havior from the viewpoint of model categories [NT16]. Leinster’s idea can be naturally
extended to bicategories or to more general weak higher categories [GNS]. To define Eu-
ler characteristic, it is necessary to consider some finite setting. We deal with measurable
bicategories; the objects are finite, and each category of morphisms is equivalent to a finite
category.
This paper focuses on the homotopical properties of the Euler characteristic of a mea-
surable bicategory based on Leinster’s results. The notion of biequivalence is often used
in the homotopy theory of bicategories. Indeed, Lack’s model structure [Lac04] on the
category of bicategories assigns biequivalences to the weak equivalences.
Main Theorem 1 (Theorem 3.11). If measurable bicategoriesA andB are biequivalent to
each other, then A has Euler characteristic if and only if B has one also, and in that case,
χ(A) = χ(B).
The theorem above is a generalization for equivalence of categories [Lei08] and for
biequivalence of 2-categories [NT16]. This can be easily proved from the proof of Theorem
2.4 in [Lei08], as also mentioned in Theorem 2.22 of [GNS]. Main Theorem 1 above
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and the coherence theorem relate the Euler characteristic for bicategories to that for 2-
categories. Moreover, they clarify the relation with the topological Euler characteristics of
the classifying spaces for bicategories.
Main Theorem 2 (Theorem 3.19). If A is a measurable and acyclic bicategory, then it has
Euler characteristic and χ(A) = χ(BA), where BA is the classifying space of A.
On the other hand, the notion of fibrations for bicategories was introduced by Street
[Str72], [Str80], and Buckley [Buc14]. We propose the concept of (co)fibered in pseu-
dogroupoids as a special case of Buckley’s fibration, and show the product formula with
respect to Euler characteristic as follows.
Main Theorem 3 (Theorem 3.37). Suppose that the following measurable bicategories
have Euler characteristic. For a lax functorE → B fibered and cofibered in pseudogroupoids
with fiber F over base B that is connected, then χ(E) = χ(B)χ(F )
The authors have approached the above problem from the viewpoint of the model
structure on enriched categories [NT16]. This paper provides another method using the
Grothendieck construction for bicategories introduced by Buckley [Buc14].
The rest of this paper is organized as follows. Section 2 reviews the theory of Euler
characteristic of finite categories, following Leinster’s paper [Lei08]. Section 3 describes
our main theorems, including the definitions of and basic facts about bicategories and
lax functors. We refer to Buckley’s paper [Buc14] for the definitions and properties of
fibrations and the Gorthendieck construction.
2. Review of the Euler characteristic of finite categories
We begin by reviewing the properties of the Euler characteristic of finite categories,
referring to Leinster’s paper [Lei08]. Almost all the definitions and facts described here
were established in his paper.
Definition 2.1. For finite sets I and J, an I × J matrix is a function I × J → Q. For an I × J
matrix ζ and a J × H matrix η, the I × H matrix ζη is defined by ζη(i, h) = ∑ j ζ(i, j)η( j, h)
for each i ∈ I and h ∈ H. An I × J matrix ζ has a J × I transpose ζop. Given a finite set I,
we write uI : I → Q (or simply u) as the column vector with uI(i) = 1 for all i in I. Let ζ
be an I × J matrix. A weighting on ζ is a column vector k∗ : J → Q such that ζk∗ = uI .
A coweighting on ζ is a row vector k∗ : I → Q such that k∗ζ = uopJ . The matrix ζ has
Euler characteristic if it has a weighting and a coweighting. Then, its Euler characteristic
is defined as
|ζ | =
∑
j
k j =
∑
i
ki ∈ Q.
Note that this definition does not depend on the choice of a weighting and a coweighting.
Remark 2.2. If a similarity matrix ζ is regular, it always has Euler characteristic. A
weighting k∗ is given as ∑ j ζ−1(i, j) and a coweighting k∗ is given as ∑i ζ−1(i, j).
For a small category A, let ob(A) denote the set of objects, and for x, y ∈ ob(A), let
A(x, y) denote the set of morphisms from x to y.
Definition 2.3. For a finite category A (whose objects and morphisms are finite), the sim-
ilarity matrix ζA : ob(A) × ob(A) → Q is defined by the number of the set of morphisms
A(i, j). We say that A has Euler characteristic if ζA does, and then we define the Euler
characteristic χ(A) as |ζA|.
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The definition above is related to the classical Euler characteristic taking classifying
spaces of small categories. Here, the classifying space BA of a small category A is the
geometric realization of the nerve simplicial set NA.
Proposition 2.4 (Proposition 2.11 of [Lei08]). If A is a finite acyclic category (it never has
a circuit of morphisms), then it has Euler characteristic and χ(A) = χ(BA).
Given two small categories A and B, we can consider the coproduct and the product of
them. The coproduct A∐ B is defined by ob(A)∐ ob(B) as objects and
(
A
∐
B
)
(x, y) =

A(x, y) x, y ∈ ob(A),
B(x, y) x, y ∈ ob(B),
∅ otherwise.
On the other hand, the product A × B is defined by ob(A) × ob(B) as objects and
(A × B) ((a, b), (a′, b′)) = A(a, a′) × B(b, b′).
Proposition 2.5 (Proposition 2.6 of [Lei08]). Let A1, . . . , An be finite categories having
Euler characteristics.
(1) χ
(∐n
i=1 Ai
)
=
∑n
i=1 χ(Ai).
(2) χ
(∏n
i=1 Ai
)
=
∏n
i=1 χ(Ai).
As an important property, the Euler characteristic of a finite category is an invariant with
respect to equivalence of categories.
Proposition 2.6 (Proposition 2.4 of [Lei08]). If A and B are finite categories equivalent
to each other, then A has Euler characteristic if and only if B does, and in that case,
χ(A) = χ(B).
The Euler characteristic has another significant property: the product formula for func-
tors fibered and cofibered in groupoids. Fibered functors or fibered categories were origi-
nally introduced by Grothendieck for the descent theory [Gro71]. Functors (co)fibered in
groupoids are a special case of them. They behave similarly to topological fibrations (or
Kan fibrations in simplicial sets); indeed, a category of small categories admits a model
structure having them as fibrations [Tan13].
Definition 2.7. Let P : E → B be a functor.
(1) A morphism f : e → e′ in E is called cartesian if in each g : e′′ → e′ and
h : P(e) → P(e′′) with h ◦ P(g) = P( f ), there exists a unique lift ˜h : e → e′ of h
satisfying ˜h ◦ g = f .
(2) P is called fibered if any morphism f : b → P(e) in B has a lift ˜f : e′ → e as a
cartesian morphism in E. We denote e′ by f ∗(e) and call it the pullback of e by f .
(3) P is called fibered in groupoids if every morphism in E is cartesian and any mor-
phism b → P(e) in B has a lift ˜f : f ∗(e) → e. Obviously, functors fibered in
groupoids are a special case of fibered functors.
We can define the dual notions above, cofibered functors and functors cofibered in groupoids,
by reversing the directions of morphisms.
Fibered functors are closely related to the notion of Grothendieck construction given as
follows.
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Definition 2.8. Let B be a small category, and let F : Bop → Cat be a lax functor (see
Section 3 below) from the opposite category of B to the 2-category Cat of small categories,
functors, and natural transformations. The Grothendieck construction Gr(F) of F is a small
category defined as follows:
• The set of objects consists of pairs of objects (b, x) ∈ ob(B) × ob(Fb).
• The set of morphisms Gr(F)((b, x), (c, y)) consists of pairs of morphisms ( f , u) ∈
B(b, c) × F(c)(x, F f (y)).
The composition uses natural transformations equipped with the lax functor. However,
composition is not necessary to calculate the Euler characteristic of a category. It only
depends on how many objects and morphisms there are.
Proposition 2.9 (Proposition 2.8 of [Lei08]). Let B be a finite category having Euler char-
acteristic, and let F : Bop → Cat be a lax functor valued in finite categories. Suppose that
k∗ is a coweighting on ζB and that the Grothendieck construction Gr(F) and each Fb have
Euler characteristics. Then,
χ(Gr(F)) =
∑
b∈ob(B)
kbχ(Fb).
Note that the above is the dual statement of Leinster’s; he considered a covariant functor
B → Cat and used weightings.
Let us review some basic facts about functors (co)fibered in groupoids and the Grothendieck
construction. For a functor P : E → B fibered in groupoids, the fiber category P−1(b) of
an object b in B is a groupoid (every morphism is invertible). Here, the fiber category
P−1(b) is a subcategory of E consisting of ob(P−1(b)) = {e ∈ ob(E) | P(e) = b} and
P−1(b)(e, e′) = { f ∈ E(e, e′) | P f = idb}. It yields a lax functor P∗ : Bop → Cat (see Ex-
ample 3.7 below for the details), and the Grothendieck construction Gr(P∗) is equivalent
to E. If P is fibered and cofibered in groupoids, a morphism f : b → b′ in B induces an
equivalence of categories f ∗ : P(b′) → P(b). It implies that any fiber category is equivalent
when the base category is connected (any two objects are combined for a zigzag sequence
of morphisms); hence, we write it simply as F.
Theorem 2.10. Let a functor P : E → B be fibered and cofibered in groupoids between
finite categories with fiber category F over base B that is connected. If E and B have Euler
characteristics, then
χ(E) = χ(B)χ(F).
Proof. Note that the fiber category F is a finite groupoid and has Euler characteristic.
The total category E is equivalent to the Grothendieck construction Gr(P∗). By applying
Proposition 2.9, we obtain the desired formula:
χ(E) = χ(Gr(P∗)) =
∑
b∈ob(B)
kbχ(P∗b) =
∑
b∈ob(B)
kbχ(F) = χ(B)χ(F).

Corollary 2.11. Let a functor P : E → B be fibered and cofibered in groupoids between
finite categories over B having the connected components Bi with the fiber category Fi. If
E and each Bi have Euler characteristics, then
χ(E) =
∑
i
χ(Bi)χ(Fi).
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Proof. Let Ei denote the full subcategory of E with the set of objects P−1(ob(B)). The
category E is decomposed as E = ∐i Ei. The restriction P|Ei : Ei → Bi is also fibered
and cofibered in groupoids; hence, the desired formula follows from Theorem 2.10 and
Proposition 2.5:
χ(E) =
∐
i
χ(Ei) =
∐
i
χ(Bi)χ(Fi).

3. Euler characteristic of bicategories
This section extends the discussion in Section 2 to the case of bicategories. We need to
pay attention to more complicated coherence conditions. Before talking about bicategories,
we review an essential notion of these called cat-graphs ([Wol74], [Lac04]).
Definition 3.1. A cat-graph A consists of a set of objects ob(A) and a small category
A(x, y) for each pair of objects x, y. An object of A(x, y) is called a 1-morphism or 1-cell
and is denoted by a single arrow x → y, and a morphism of A(x, y)( f , g) is called a 2-
morphism or 2-cell and is denoted by a double arrow f ⇒ g. We call A(x, y) the category
of morphisms.
Definition 3.2. A bicategory A is a cat-graph equipped with the following data:
• A composition functor c : A(y, z) × A(y, x) → A(x, z) for each triple of objects
x, y, z.
• A functor idx : ∗ → A(x, x) for each object x. This can be identified as a 1-
morphism x → x.
• An isomorphism ahg f : h ◦ (g ◦ f ) ⇒ (h ◦ g) ◦ f in A(x,w) called an associator,
for each composable triple of 1-morphisms h : z → w, g : y → z, and f : x → y.
• A pair of isomorphisms l : idy ◦ f ⇒ f and r : f ◦ idx ⇒ f in A(x, y) called
unitors, for each 1-morphism f : x → y.
Therefore,A is equipped with three types of composition:
(1) The composition of 1-morphisms: g ◦ f = g f : x → z for each f : x → y and
g : y → z.
(2) The vertical composition of 2-morphisms: β ◦ α : f ⇒ h for each α : f ⇒ g and
β : g ⇒ h.
(3) The horizontal composition of 2-morphisms: α ∗ β : f ′ ◦ f ⇒ g′ ◦ g for each
α : f ⇒ g : x → y and β : f ′ ⇒ g′ : y → z.
These are required to satisfy the coherence condition that makes the following diagrams
commute:
k(h(g f ))
idk∗a
&.❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
❯❯❯
a
px ✐✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
✐✐✐
(kh)(g f )
a
!)▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
▲
k((hg) f )
a
u} ss
ss
ss
ss
s
ss
ss
ss
ss
s
((kh)g) f
a∗id f
+3 (k(hg)) f
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g ◦ (id ◦ f ) a +3
idg∗l !)❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑
(g ◦ id) ◦ f
r∗id fu} ss
ss
ss
ss
s
ss
ss
ss
ss
s
g ◦ f
In particular, a bicategoryA is a 2-category (a category enriched in small categories) when
all associators and unitors are identities.
In the case of 2-categories (more generally, enriched categories), Leinster provided the
definition of Euler characteristics (or magnitudes) [Lei13]. His definition using weightings
and coweightings can be naturally applied to the case of cat-graphs.
Definition 3.3. A cat-graph A is called measurable if it satisfies the following two prop-
erties:
(1) The set of objects ob(A) is finite.
(2) The category of morphisms A(x, y) is equivalent to a finite category C having
Euler characteristic for any x, y. We write χ(A(x, y)) as χ(C).
For a measurable cat-graphA, the similarity matrix ζA : ob(A)×ob(A) → Q is defined by
ζA(i, j) = χ(A(i, j)). We say that A has Euler characteristic if each A(i, j) and ζA does,
and then we define the Euler characteristic χ(A) as |ζA|. We can define a measurable
bicategory and its Euler characteristic for the underlying cat-graph.
Remark 3.4. The Euler characteristic of a bicategory (or much higher weak category) was
introduced in [GNS]. This is the same definition as ours above.
Given two cat-graphsA and B, the (co)product of them is defined by the (co)product of
objects and the (co)product of categories of morphisms. We can easily show that the Euler
characteristic is compatible with the product and coproduct of the cat-graphs similarly to
Proposition 2.4.
Proposition 3.5. Let A1, . . . ,An be measurable cat-graphs having Euler characteristics.
(1) χ
(∐n
i=1 Ai
)
=
∑n
i=1 χ(Ai).
(2) χ
(∏n
i=1 Ai
)
=
∏n
i=1 χ(Ai).
Proof. See Proposition 2.6 and Lemma 1.13 of [Lei08]. 
Even when each Ai is a bicategory, the proposition above holds since the (co)product
of bicategories has the (co)product of the underlying cat-graphs.
3.1. Invariance with respect to biequivalence. Lax functors or homomorphisms are known
as morphisms between bicategories.
Definition 3.6. For two bicategories A and B, a lax functor L : A → B consists of the
following data:
• A function L : ob(A) → ob(B).
• A functor Lxy : A(x, y) → B(Lx, Ly) for each pair of objects x, y in A.
• A natural transformation ϕxyz : c◦ (L×L) ⇒ L◦c : A(y, z)×A(x, y) → B(x, z) for
each triple of objects x, y, z in A. It yields a 2-morphism ϕ : Lg ◦ L f ⇒ L(g ◦ f )
in B(x, z).
• A natural transformation ψx : idLx ⇒ L ◦ idx : ∗ → B(Lx, Lx) for each object x in
A. It yields a 2-morphism ψ : idLx ⇒ L(idx) in B(Lx, Lx).
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These are required to satisfy the coherence condition that makes the following diagrams
commute:
(Lh ◦ Lg) ◦ L f ϕ∗id +3
a

L(h ◦ g) ◦ L f ϕ +3 L((h ◦ g) ◦ f )
La

Lh ◦ (Lg ◦ L f )
id∗ϕ
+3 Lh ◦ L(g ◦ f )
ϕ
+3 L(h ◦ (g ◦ h))
idLy ◦ L f ψ∗id +3
l

L(idy) ◦ L f
ϕ

L f ◦ idLx id∗ψ +3
r

L f ◦ L(idx)
ϕ

L f L(idy ◦ f )Llks L f L( f ◦ idx).Lrks
The above lax functor L is called a pseudofunctor if all ϕ and ψ are isomorphisms. In
particular, L is a 2-functor when A and B are 2-categories and all ϕ and ψ are identities.
Example 3.7. The fiber categories yield a pseudofunctor P∗ : Bop → Cat for a fibered
functor P : E → B. Here, we regard the opposite category Bop as a 2-category with only
trivial 2-morphisms and Cat as a 2-category consisting of small categories, functors, and
natural transformations. P∗ sends an object b to the fiber category P−1(b) and a morphism
f : b → b′ to the functor f ∗ : P−1(b′) → P−1(b) induced by pullbacks and cartesian lifts
in Definition 2.7. Note that we have to choose a cartesian lift ˜f : f ∗e → e for each object
e in P−1(b′) to define f ∗, since it is not determined uniquely. However, it is unique up to
isomorphism; hence, P∗ satisfies the axiom of lax functors.
The notion of cleavages helps to define f ∗ above. A cleavage ϕ for a fibered functor
P : E → B is a map ϕ( f , e) = ˜f : f ∗e → e giving a cartesian lift of f at e. A fibered functor
together with a cleavage is called cloven. For a cloven fibered functor, we can naturally
define the functor f ∗ in Example 3.7. Every fibered functor has a cleavage; thus, we regard
all fibered functors as a cloven for simplicity.
Definition 3.8. A 1-morphism f : x → y in a bicategory A is called an equivalence if
there exists g : y → x such that g ◦ f  idx and f ◦ g  idy in A. We write x ≃ y for objects
x, y if there exists an equivalence between them. We say that A is a pseudogroupoid when
every 1-morphism is an equivalence and every 2-morphism is an isomorphism.
Remark 3.9. If two objects a, b are equivalent in a bicategory A, the category of mor-
phismsA(a, c) andA(b, c) (A(c, a) andA(c, b)) are equivalent to each other for any object
c. Therefore, each category of morphisms of a connected pseudogroupoidG is equivalent
to the groupoid G(x, x) for an object x in G. Here, a bicategory is connected if any two
objects x, y are combined by a zigzag sequence of 1-morphisms x → x1 ← . . . → xn → y.
Every bicategoryA can be uniquely decomposed asA =∐i Ai for connected bicategories
Ai.
Definition 3.10. Let L : A→ B be a lax functor.
(1) L is called biessentially surjective on objects if for any object b ∈ ob(B) there
exists a ∈ ob(A) such that La ≃ b in B.
(2) L is called a local equivalence if the functor on the categories of morphisms
A(x, y) → B( f x, f y) is an equivalence of categories for each x, y ∈ ob(A).
(3) L is called a biequivalence if it is biessentially surjective on objects and a local
equivalence.
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An equivalence of categories F : A → B if and only if there exists an inverse functor
G : B → A such that G ◦ F  idA and F ◦ G  idB. Similarly, a lax functor L : A → B
is a biequivalence if and only if there exists an inverse lax functor K : B → A such that
K ◦ L ≃ idA and L ◦ K ≃ idB in the functor bicategories (see [Lei]). Especially, K is also
a biequivalence; hence, biequivalence is an equivalence relation on bicategories. In this
case, we say that A and B are biequivalent to each other.
The Euler characteristic of bicategories is an invariant with respect to biequivalence.
This is a generalization of Leinster’s result (Proposition 2.4 in [Lei08]). It can be easily
verified by replacing isomorphisms with equivalences in his proof, as also mentioned in
Theorem 2.22 of [GNS].
Theorem 3.11. If measurable bicategories A and B are biequivalent to each other, then
A has Euler characteristic if and only if B does, and in that case, χ(A) = χ(B).
Proof. Let L : A → B be a biequivalence, and let l∗ be a weighting on B. We denote
the equivalence class represented by x as [x] = {y | y ≃ x}. Define ka =
(∑
b∈[La] lb
)
/[a]♯,
where [a]♯ is the cardinality of [a]. We will show that this is a weighting on A.
If we choose objects a1, · · · , am in A such that ob(A) = ⋃mi=1[ai], then ob(B) =⋃m
i=1[Lai] by the biessentially surjectivity of L. The desired result follows from the di-
rect calculation:
∑
a∈ob(A)
ζA(a′, a)ka =
m∑
i=1
∑
x∈[ai]
ζA(a′, x)ka
=
m∑
i=1
[ai]♯ζA(a′, ai)ka
=
m∑
i=1
∑
b∈[Lai]
ζA(a′, ai)lb
=
m∑
i=1
∑
b∈[Lai]
ζB(La′, Lai)lb
=
∑
b∈ob(B)
ζB(La′, b)lb = 1.
Similarly, we can also show the case of coweightings. In this case,
χ(A) =
∑
a∈ob(A)
ka =
∑
a∈ob(A)


∑
b∈[La]
lb
 /[a]♯

=
m∑
i=1
∑
a∈[ai]


∑
b∈[La]
lb
 /[a]♯

=
m∑
i=1

∑
b∈[Lai]
lb
 =
∑
b∈ob(B)
lb = χ(B).

For a bicategory A, there exists a 2-category SA that is biequivalent to A. This is
known as the coherence theorem for bicategories. See, for example, Section 2.3 in Lein-
ster’s paper [Lei] using the Yoneda embedding, or Lack’s paper [Lac04] in terms of model
structure. The 2-category SA is called the strictification of A.
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Definition 3.12. A bicategory A is called acyclic if each category of morphisms of A is
acyclic, and A(x, y) = ∅ if A(y, x) , ∅ when x , y and A(x, x) is equivalent to the trivial
category consisting of a single object and the identity.
By the definition above, acyclicity is preserved by biequivalences, but measurability is
not. Even if a measurable bicategory A is biequivalent to B, there is no assurance that the
set of objects ob(B) is finite. The following lemma examines the case wherein both the
conditions acyclicity and measurability are satisfied at the same time.
Lemma 3.13. Let two bicategories A and B be biequivalent to each other. If A is mea-
surable and acyclic, then so is B.
Proof. It suffices to show the finiteness on ob(B). Let L : A → B be a biequivalence.
For any object b ∈ ob(B), there exists a ∈ ob(A) such that La ≃ b in B. Because of the
acyclicity of B, these must be equal: Lb = a. The function ob(A) → ob(B) on objects is
surjective, and ob(B) is finite. 
Using these facts, we can relate the Euler characteristic of the classifying space of a
bicategory to that of the original bicategory. Although there are several ways to construct
the classifying space of a bicategory [CCG10], we adopt here the one using the geometric
nerves. Recall the classifying space of a small category C. The nerve of C is a simplicial
set whose n-simplices are functors [n] → C, where [n] is the category (poset) described as
0 → 1 → · · · → n. The classifying space BC is defined as the geometric realization of the
nerve of C.
Definition 3.14. Let A be a bicategory. The geometric nerve of A is a simplicial set
whose n-simplices are lax functors [n] → A. The classifying space BA is the geometric
realization of the geometric nerve.
IfA is a 2-category, there is another construction of the classifying space using topolog-
ical categories (categories enriched in topological spaces). Let AT denote the topological
category with ob(AT ) = ob(A) and (AT )(x, y) = BA(x, y).
Definition 3.15. Let T be a topological category. The nerve NT of T is a simplicial space
given by
NnT =
∐
xi∈ob(T )
T (xn−1, xn) × · · ·T (x0, x1).
The classifying space BT is defined by the geometric realization of the nerve.
Bullejos and Cegarra [BC03] proved that these two constructions, BA and BAT , are
homotopy equivalent.
Theorem 3.16 (Theorem 1 of [BC03]). For any 2-categoryA, there is a natural homotopy
equivalence BAT → BA.
In the case of topological categories, we can consider the notions similar to bicategories.
A topological category T is called acyclic if T (x, y) = ∅ and T (y, x) = ∅ when x , y, and
T (x, x) is the trivial category consisting of a single point. Moreover, T is called measurable
if ob(T ) is finite and each space of morphisms has the homotopy type of a CW complex. A
measurable topological category T has the similarity matrix ζT : ob(T ) × ob(T ) → Q de-
fined by ζT (x, y) = χ(T (x, y)) using the topological Euler characteristic. If T is measurable
and acyclic, the classifying space BT has the homotopy type of a CW complex. The au-
thors have proven the relationship between the classifying spaces of topological categories
and the Euler characteristics [NT16].
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Proposition 3.17 (Theorem 4.17 of [NT16]). If T is a measurable and acyclic topological
category, then it has Euler characteristic and χ(T ) = χ(BT ).
Lemma 3.18. If A is a measurable and acyclic 2-category, then it has Euler characteristic
and χ(A) = χ(BA).
Proof. We can take ζA as a triangular matrix; thus, it is regular and A has Euler charac-
teristic based on Remark 2.2. Each space of morphisms of BA has the homotopy type of
a finite CW complex (simplicial complex). We can apply Theorem 3.17 and obtain the
equality χ(AT ) = χ(BAT ), which implies the desired formula:
χ(A) = χ(AT ) = χ(BAT ) = χ(BA).
Here, we used the facts that ζA = ζAT and BAT ≃ BA. 
Theorem 3.19. If A is a measurable and acyclic bicategory, then it has Euler character-
istic and χ(A) = χ(BA).
Proof. By Lemma 3.13, the strictification SA is measurable and acyclic. A biequivalence
A→ SA induces a homotopy equivalence BA→ BSA on the classifying spaces. Lemma
3.18 concludes the result:
χ(A) = χ(SA) = χ(BSA) = χ(BA).

3.2. Product formula for fibrations. Next, we focus on the behavior of the Euler char-
acteristic of a bicategory with respect to fibrations. As we have seen in Section 2, the Euler
characteristic of a finite category has a product formula for functors fibered and cofibered in
groupoids. A bicategorical version of fibered functors was introduced by Buckley [Buc14]
(he called it simply fibration). We refer the readers to Section 3 of his paper for the de-
tails with intelligible diagrams. This section shall describe the definitions and minimum
properties necessary to compute Euler characteristics.
Definition 3.20. Let P : E → B be a lax functor. A 1-morphism f : x → y in E is called
cartesian when it has the following two properties:
(1) For each 1-morphism g : z → y in E and h : Pz → Px in B with an isomorphism
α : P f ◦ h ⇒ Pg, there exist a 1-morphism ˜h : z → x in E and isomorphisms
α˜ : f ◦ ˜h ⇒ g and ˜β : P˜h ⇒ h such that α ∗ (P fβ) = Pα ∗ϕh f . We say that (˜h, α˜, ˜β)
is a lift of (h, α).
(2) For a 2-morphism σ : g ⇒ g′ in E and 1-morphisms h, h′ : Pz → Px in B with
isomorphisms α : P f ◦ h ⇒ Pg and α′ : P f ◦ h′ ⇒ Pg, suppose that (h, α)
and (h′, α′) have lifts (˜h, α˜, ˜β) and ( ˜h′, ˜α′, ˜β′), respectively. For any 2-morphism
δ : h ⇒ h′ in B with α′ ∗ (P f δ) = P(σ) ∗ α, there exists a unique 2-morphism
˜δ : ˜h ⇒ ˜h′ in E such that ˜α′ ∗ f ˜δ = σ ∗ α˜ and δ ∗ ˜β = ˜β′ ∗ P˜δ.
Definition 3.21. Let P : E → B be a lax functor. A 2-morphism α : f ⇒ g : x → y in E
is called cartesian if it is cartesian as a morphism in E(x, y) for the functor P : E(x, y) →
B(Px, Py). We say that P is locally fibered when P : E(x, y) → B(Px, Py) is fibered for
any pair of objects x, y in E.
Definition 3.22. A lax functor P : E → B is called fibered if it satisfies the following
conditions:
(1) For any 1-morphism f : b → P(e) in B, there exists a cartesian 1-morphism
˜f : e′ → e in E such that P ˜f = f .
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(2) P is locally fibered.
(3) The horizontal composition of any two cartesian 2-morphisms is cartesian.
Similarly to the case of plane fibered functors, we assume that our fibered lax functor is
also equipped with a cleavage; a cartesian lift is designated for each 1- and 2-morphism.
The following propositions are useful properties with respect to the cartesian morphisms
of a fibered lax functor.
Proposition 3.23 (Proposition 3.1.12 in [Buc14]). Let P : E → B be a fibered lax functor
and f be a cartesian 1-morphism in E. If P( f ) is an equivalence in B, then so is f .
Proposition 3.24 (Proposition 3.2.1 in [Buc14]). When P : E → B is locally fibered, every
lift (˜h, α˜, ˜β) of (h, α) along a cartesian 1-morphism can be chosen so that ˜β = idh. That is,
lifts along cartesian 1-morphisms can be chosen so that P˜h = h.
We introduce a bicategorical analog of functors fibered in groupoids as a special case of
fibered lax functors.
Definition 3.25. A lax functor P : E → B is called fibered in pseudogroupoids if it satisfies
the following conditions:
(1) Every 1-morphism in E is cartesian.
(2) For any 1-morphism f : b → P(e) in B, there exists a 1-morphism ˜f : e′ → e in E
such that P ˜f = f .
(3) P is locally fibered in groupoids.
In other words, P : E → B is fibered in pseudogroupoids if and only if every i-morphism
in E is cartesian and every i-morphism in B has a lift at the target point for i = 1, 2.
Obviously, this is a fibered lax functor.
We can define the dual notions above, co-cartesian morphisms, cofibered lax functors,
and lax functors cofibered in pseudogroupoids, by reversing the directions of 1- and 2-
morphisms.
Definition 3.26. For two lax functors L, K : A→ B, a lax natural transformation σ : L ⇒
K consists of the following data:
• A 1-morphism σx : Lx → Kx in B for each object x in A.
• A natural transformation σx,y : (σx)∗ ◦ K ⇒ (σy)∗ ◦ L : A(x, y) → B(Lx, Ky). It
yields a 2-morphism σ f : K f ◦σx ⇒ σy ◦L f in B for each 1-morphism f : x → y
in A.
These are required to make the following diagrams commute:
(Kg ◦ K f ) ◦ σx a +3
ϕ

Lg ◦ (K f ◦ σx)
id∗σ f +3 Kg ◦ (σy ◦ L f ) a
−1
+3 (Kg ◦ σy) ◦ L f
σg∗id

K(g ◦ f ) ◦ σx σg f +3 σz ◦ L(g ◦ f ) id∗ϕ−1
+3 σz ◦ (Lg ◦ L f )
a−1
+3 (σz ◦ Lg) ◦ L f
idKx ◦ σx
l +3
ψ∗id

σx
r−1 +3 σx ◦ idLx
id∗φ

Kidx ◦ σx σid
+3 σx ◦ Lidx
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Definition 3.27. Let P : E → B be a fibered lax functor. The fiber bicategory P−1(b)
over an object b in B consists of the inverse image by P of b, idb, and ididb as the objects,
1-morphisms, and 2-morphisms, respectively. Note that this is not a sub-bicategory of E
since a part of the compositions is different from E. The composition g◦ˆ f for a composable
pair of 1-morphisms f , g in P−1(b) is defined as φ∗(g ◦ f ): the domain of the cartesian lift
˜φ of
φ = ϕ ◦ θ−1 : 1b ⇒ 1b ◦ 1b = P(g) ◦ P( f ) ⇒ P(g ◦ f )
at g ◦ f .
The vertical composition of 2-morphisms is the same as that of E. However, the hori-
zontal composition β∗ˆα : f ◦ˆ′ f ⇒ g′◦ˆg for a pair of horizontal composable 2-morphisms
α : f ⇒ g and β : f ′ ⇒ g′ is defined as the unique 2-morphism in the following left
diagram in E over the right diagram in B:
f ′◦ˆ f ˜φ +3
β∗ˆα

f ′ ◦ f
β∗α

idb
φ
+3
ididb

P( f ′ ◦ f )
P(β∗α)

g′◦ˆg
˜φ
+3 g′ ◦ g idb φ
+3 P(g′ ◦ g)
Similarly, the identities and coherence isomorphisms are given by the lifting property of P.
A 1-morphism f : b → b′ in B induces a lax functor f ∗ : P−1(b′) → P−1(b) described
in the following left diagram in E over the right diagram in B (isomorphisms omitted):
f ∗(e) ˜fe //
f ∗α
⇒
f ∗h

f ∗k

e
h α⇒

k

b
f
//
=idb

idb

b′
idb′ =

idb′

f ∗(e′)
˜fe′
// e′ b f
// b′
The lax functor f ∗ sends an object e to the domain f ∗e of the lift ˜fe and a 1-morphism
h : e → e′ to the lift f ∗h over idb with τ f : h ◦ ˜fe  ˜fe′ ◦ f ∗h by Proposition 3.24.
Furthermore, it sends a 2-morphism α : h ⇒ k to the unique lift f ∗α over ididb that is
compatible with the diagram above. On the other hand, if P is cofibered, the 1-morphism
f : b → b′ induces a lax functor f∗ : P−1(b) → P−1(b′) by reversing the directions of
morphisms in the diagram above.
A 2-morphism σ : f ⇒ g : b → b′ in B induces a lax natural transformation σ∗ : g∗ ⇒
f ∗ : P−1(b′) → P−1(b) described in the following left diagram in E over the right diagram
in B (isomorphisms omitted):
f ∗e
˜fe

b
f

g∗e
σ∗e
88
ge
⇓σ˜ **
g˜e
44 e b
id
99
f
⇓σ **
g
44 b′
The 2-morphism σ˜ denotes a lift of σ ending at g˜e, and ge denotes its domain for an object
e in P−1(b′). There exists a 1-morphism σ∗e with an isomorphism i˜d f over the identity
i˜d f : ˜fe ◦ σ∗e ⇒ ge. For a 1-morphism h : e → e′, the 2-morphism σ∗h is defined as the
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unique isomorphism in the following diagram (coherence isomorphisms omitted):
˜fe′ ◦ f ∗h◦ˆσ∗e
id∗ ˜φ
+3
id∗σ∗h

˜fe′ ◦ f ∗h ◦ σ∗e
τ f ∗id +3 h ◦ ˜fe ◦ σ∗e
id∗i˜d f +3 h ◦ ge
τg

˜fe′ ◦ σ∗e′ ◦ˆg∗h id∗ ˜φ +3 ˜f ◦ σ
∗
e′ ◦ g
∗h
i˜d f ∗id
+3 ge′ ◦ g∗h
We refer the readers to Construction 3.3.5 for more precise descriptions.
Proposition 3.28. Let P : E → B be fibered in pseudogroupoids. Then, the fiber bicate-
gory P−1(b) is a pseudogroupoid for each object b in B.
Proof. Recall that P is locally fibered in groupoids, and the vertical composition of P−1(b)
coincides with that of E. Thus, every 2-morphism of P−1(b) is invertible. Furthermore,
Proposition 3.23 guarantees that every 1-morphism is an equivalence since P sends it to
the identity idb. 
Proposition 3.29. If P : E → B is fibered and cofibered in pseudogroupoids, then f ∗ :
P−1(b′) → P−1(b) is a biequivalence for a 1-morphism f : b → b′ in B.
Proof. We first show the biessential surjectivity on objects. For an object e in P−1(b),
consider the object f ∗( f∗e) in P−1(b). Note that f∗e is equipped with a lift e → f∗e of f
starting at e and that f ∗( f∗e) is equipped with a lift f ∗( f∗e) → f∗e of f ending at f∗e.
e
ηe //
❄
❄❄
❄❄
❄❄
❄ f ∗( f∗e)
{{①①
①①
①①
①①
b idb //
f
❂
❂❂
❂❂
❂❂
❂ b
f
  ✁✁
✁✁
✁✁
✁✁
f∗e b′
There exists a lift ηe : e → f ∗( f∗(e)) of the identity that makes the above left diagram
in E over the right diagram in B commute up to isomorphism. This is an equivalence by
Proposition 3.23.
Next, we consider the functor f ∗ : P−1(b′)(e, e′) → P−1(b)( f ∗e, f ∗e′) for objects e, e′ in
P−1(b) and show that this is essentially surjective. For a 1-morphism h ∈ P−1(b)( f ∗e, f ∗e′),
consider the following left diagram in E over the right diagram in B:
f ∗e
h
,,
f ∗k
22
˜f

f ∗e′
˜f

b
f

b
f

e
k
// e′ b′ b′
There exists a 1-morphism k : e → e′ over the identity on b, which makes the diagram
commute up to isomorphism. The 1-morphism f ∗k : f ∗e → f ∗e′ also makes the diagram
commute up to isomorphism. There exists a unique 2-morphism (isomorphism) h ⇒ f ∗k
over the identity on idb.
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Finally, we show that f ∗ is fully faithful. Given a 2-morphism β : f ∗h ⇒ f ∗k : f ∗e →
f ∗e′ for h, k : e → e′, consider the following diagrams:
f ∗(e) ˜fe //
β
⇒f ∗h

f ∗k

e
h β∗⇒

k

b
f
//
=idb

idb

b′
idb′ =

idb′

f ∗(e′)
˜fe′
// e′ b f
// b′
There exists a unique 2-morphism β∗ : h ⇒ k over the identity on idb that is compatible
with the left diagram. The universality of lifts shows that f ∗(β∗) = β. Similarly, ( f ∗α)∗ = α
holds for each α : h ⇒ k by the universality of lifts again. It completes the result. 
The bicategorical Grothendieck construction was introduced in Construction 3.3.3 of
[Buc14]. He defined it for general trihomomorphisms using the tricategory structure on
bicategories with lax functors, lax natural transformations, and modifications (see [Gru06]
for the details of tricategories and trihomomorphisms). For a bicategory B, a trihomomor-
phism F : Bcoop → BiCat consists of a bicategory Fb for each object b, a lax functor f ∗
for each 1-morphism f , and a lax natural transformation α∗ for each 2-morphism α in B.
To describe the precise definition, we require much more complicated coherence axioms
than lax functors.
However, we do not need such higher coherence structures to compute the Euler char-
acteristic. These are required to assign the compositions and coherence isomorphisms
(associators and unitors) to the Grothendieck construction, making it a bicategory. The
Euler characteristic of a bicategory only depends on the underlying cat-graph.
For this reason, we shall introduce the notion of trihomomorphisms and the Grothendieck
construction for cat-graphs.
Definition 3.30. Let B be a cat-graph and let Bcoop denote the cat-graph with ob(Bcoop) =
ob(B) and Bcoop(x, y) = Bop(y, x). A trihomomorphism F : Bcoop → BiCat consists of the
following data:
• A bicategory Fb for each object b in B.
• A lax functor f ∗ : Fb′ → Fb for a 1-morphism f : b → b′ in B.
• A lax natural transformation α∗ : g∗ ⇒ f ∗ for a 2-morphism α : f ⇒ g in B.
For example, for a fibered functor P : E → B, the fiber bicategories in Definition 3.27
yield a trihomomorphism P∗ : Bcoop → BiCat.
Definition 3.31. Let F : Bcoop → BiCat be a trihomomorphism. The Grothendieck con-
struction Gr(F) is a cat-graph consisting of the following data:
• An object is a pair (b, x) of b ∈ ob(B) and x ∈ ob(Fb).
• A 1-morphism (b, x) → (c, y) is a pair ( f , u) of f : b → c in B and of u : x → f ∗y
in Fb.
• A 2-morphism ( f , u) ⇒ (g, v) : (b, x) → (c, y) is a pair (α, β) of α : f ⇒ g in B
and of β : u ⇒ α∗y ◦ v in Fb.
Now, we start to calculate the Euler characteristic of the Grothendieck construction.
Lemma 3.32. Let B be a measurable cat-graph, and let F : Bcoop → BiCat be a trihomo-
morphism valued in measurable bicategories. If we have coweightings on ζB(b,c) and each
ζFb(x, f ∗y) is all written as k∗, then there exists a coweighting on Gr(F)((b, x), (c, y)) defined
by k( f ,u) = k f ku.
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Proof. The direct calculation shows the result as follows:∑
( f ,u)
k f kuζGr(F)((b,x),(c,y))(( f , u), (g, v))
=
∑
( f ,u)
k f ku
∑
α: f⇒g
ζFb(x, f ∗y)(u, α∗y ◦ v)
=
∑
f
k f
∑
α: f⇒g
∑
u:x→ f ∗y
kuζFb(x, f ∗y)(u, α∗y ◦ v)
=
∑
f
k f ζB(b,c)( f , g) = 1.

The lemma above used coweightings for plain categories. Note that the coweightings
appearing in the next lemma are for cat-graphs introduced in Definition 3.3.
Lemma 3.33. Let B be a measurable cat-graph, and let F : Bcoop → BiCat be a trihomo-
morphism valued in measurable bicategories. Suppose the similarity matrices ζB, ζFb, and
ζGr(F) all exist. If we have coweightings on ζB and each ζFb is all written as k∗, then there
exists a coweighting on Gr(F) defined by k(b,x) = kbkx.
Proof. By Lemma 3.32, the following equality follows from the direct calculation:∑
(b,x)
kbkxζGr(F)((b, x), (c, y)) =
∑
(b,x)
kbkxχ(Gr(F)((b, x), (c, y)))
=
∑
(b,x)
kbkx
∑
( f ,u)
k( f ,u)
=
∑
(b,x)
kbkx
∑
( f ,u)
k f ku
=
∑
(b,x)
kbkx
∑
f :b→c
k fχ(Fb(x, f ∗y))
=
∑
b
kb
∑
f :b→c
k f
∑
x∈ob(Fb)
kxζFb(x, f ∗y)
=
∑
b
kb
∑
f :b→c
k f
=
∑
b
kbχ(B(b, c))
=
∑
b
kbζB(b, c) = 1.

The following proposition is a generalization of Leinster’s result (Proposition 2.9) for
bicategories.
Proposition 3.34. Let P : E → B be a fibered lax functor between measurable bicategories
having Euler characteristics. Let k∗ be a coweighting on ζB, and let each P−1(b) have Euler
characteristic. Then,
χ(Gr(P∗)) =
∑
b∈ob(B)
kbχ(P−1(b)).
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Proof. The desired formula follows from Lemma 3.33:
χ(Gr(P∗)) =
∑
(b,x)
k(b,x) =
∑
(b,x)
kbkx =
∑
b∈B0
kbχ(P−1(b)).

Lemma 3.35. A measurable pseudogroupoidG always has Euler characteristic.
Proof. We may assume that G is connected. Fix an object g in G. Remark 3.9 implies that
each ζG(x, y) coincides with ζG(g, g) = χ(G(g, g)). It has a weighting k∗ and a coweighting
k∗ given by
k∗(x) = k∗(x) = 1
χ(G(g, g)) · ob(G)♯ ,
where ob(G)♯ is the number of the objects of G. This shows that χ(G) = 1/χ(G(g, g)). 
Now, let us recall Buckley’s work on the relation between fibered lax functors and
Grothendieck constructions. For a fibered lax functor P : E → B, he showed that Gr(P∗)
is biequivalent to E as mentioned in Proposition 3.3.11 of his paper [Buc14]. He revealed
more complicated structures and coherence conditions on P∗ as a trihomomorphism for
bicategories and established the Grothendieck construction Gr(P∗) as a bicategory. Note
that the underlying cat-graph of Buckley’s Grothendieck construction coincides with our
definition in Definition 3.31. The lemma below immediately follows from his result and
Theorem 3.11.
Lemma 3.36. Let P : E → B be a fibered lax functor between measurable bicategories. If
E has Euler characteristic, then χ(Gr(P∗)) = χ(E).
Theorem 3.37. Let P : E → B be fibered and cofibered in pseudogroupoids between
measurable bicategories having Euler characteristics. If B is connected, Proposition 3.29
guarantees that the fiber bicategory F is determined uniquely up to biequivalence. Then,
χ(E) = χ(B)χ(F ).
Proof. By Proposition 3.28 and Lemma 3.35, F has Euler characteristic. Our desired
formula follows from Lemma 3.36 and Proposition 3.34:
χ(E) = χ(Gr(P∗)) =
∑
b∈ob(B)
kbχ(F ) = χ(B)χ(F ).

Corollary 3.38. Let P : E → B be fibered and cofibered in pseudogroupoids between
measurable bicategories having Euler characteristics. If B is decomposed as ∐Bi for
connected bicategories Bi, we write Fi as the fiber bicategory over an object of Bi. Then,
χ(E) =
∐
i
χ(Bi)χ(Fi).
Proof. Let Ei denote the full sub-bicategory of E with the object P−1(ob(Bi)). That is, the
category of morphisms Ei(x, y) = E(x, y) for x, y ∈ ob(Ei) and the compositions are the
same as E. Then, E is decomposed as ∐i Ei. It suffices to verify that the restriction P|Ei :
Ei → Bi is fibered and cofibered in pseudogroupoids. Obviously, this is locally fibered and
cofibered in groupoids. The connectivity and the lifting property of 1-morphisms guarantee
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that every 1-morphism is cartesian and co-cartesian. Hence, the desired formula follows
from Theorem 3.37 and Proposition 3.5:
χ(E) =
∑
i
χ(Ei) =
∑
i
χ(Bi)χ(Fi).

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